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ABSTRACT
The companding model f o r q u a n t i z e r d e s i g n and a n a l y s i s h a s b e e n f r e q u e n t l y u s e d i n v a r i o u s i n s t a n c e s . However, i f t h e s i g n a l t o be q u a n t i z e d i s a vector, then the optimum companding system c a n b e d e s i g n e d f o r o n l y a l i m i t e d number o f d i s t r i b u t i o n s .
On t h e o t h e r hand, piecewise l i n e a r companders can be designed for any signal d e n s i t y , g e n e r a t i n g q u a n t i z e r s t h a t a r e u n i f o r m on e a c h r e g i o n o f t h e compander. These systems, while not optimal, can have performances which are c l o s e t o t h e optimum, and t h e i r a n a l y s i s and i m p l e m e n t a t i o n c a n b e s i m p l e r t h a n t h o s e o f optimal systems.
I n t h i s p a p e r
we analyze p i e c e w i s e l i n e a r c o m p a n d e r s f o r a s y m p t o t i c m u l t i d i m e n s i o n a l q u a n t i z a t i o n , and we suggest methods f o r t h e i r d e s i g n .
I . STATEMENT OF THE PROBLEM L e t t h e k -d i m e n s i o n a l random v e c t o r x w i t h p r o b a b i l i t y d e n s i t y f u n c t i o n p ( x ) b e t h e i n p u t t o t h e k -d i m e n s i o n a l
q u a n t i z e r . The q u a n t i z e r p a r t i t i o n s Rk i n t o Iv d i s j o i n t and exhaustive r e g i o n s Bi , i=l,Z,...N, and q u a n t i z e s e a c h i n p u t v e c t o r x by means o f t h e f o l l o w i n g mapping:
w h e r e u s u a l l y y i E B i . The number N represents t h e number o f q u a n t i z e r o u t p u t l e v e l s . The p e r f o r m a n c e o f t h e q u a n t i z e r i s m e a s u r e d by t h e p e r -d i m e n s i o n ( o r p e r -s a m p l e ) d i s t o r t i o n D = 1 E { I I X -Q ( X ) I I~} r where II*IIZ d e n o t e s t h e E u c l i d e a n d i s t a n c e norm,
x E Rk i s t h e a u a n t i z e r i n o u t and O(x) i s t h e L e t now g ( x )
b e a p i e c e w i s e c o n s t a n t a p p r o x i n a t i o n t o p ( x ) .
Assume t h a t p ( x ) h a s t h e compact support S. I f t h e s u p p o r t o f p ( x ) i s unbounded, one can choose a s u f f i c i e n t l y l a r g e i n t e r v a l a n d t r u n c a t e p ( x ) t o t h a t i n t e r v a l , h a v i n g t h u s , i n a d d i t i o n t o t h e q u a n t i z e r n o i s e , a t r u n c a t i o n e r r o r , w h i c h c a n b e made as small as desired. For example, i f a s c a l a r , z e r o mean, u n i t v a r i a n c e G a u s s i a n r a n d o m v a r i a b l e i s t r u n c a t e d t o c4 o r t 6 , t h e d i f f e r e n c e s b e t w e e n t h e o p t i m a l q u a n t i z e r p e r f o r m a n c e f o r t h e u n t r u n c a t e d a n d t h e t r u n c a t e d r a Since g(x) has a c o n s t a n t v a l u e o v e r e a c h o f t h e r e g i o n s C i y i = 1 3 2 3 e m . M , t h e o p t i m a l ( a s y m p t o t i c ) q u a n t i z e r f o r g ( x ) w i l l be piecewise uniform, i.e., f o r e a c h r e g i o n t h e q u a n t i z e r i s u n i f o r m a n d
i n e a c h r e g i o i i t h e number o f q u a n t i z e r o u t p u t l e v e l s , d e p e n d s u p o n t h e t o t a l number o f l e v e l s ( N ) a n d t h e p a r t i c u l a r s h a p e o f g [ x )
( i -e -, t h e v a l u e s o f pi and m.). The mln1mum a s y m p t o t i c d i s t o r t i o n r e s u l t i n g f r o m q u a n t i z i n g t h e random v a r i a b l e y corresponding t o g ( x ) w i t h i t s o p t i m a l q u a n t i z e r ( c a l l i t Qg) i s then given by q u a n t i z e r o u t p u t . . . .
By d e f i n i t i o n , i f we now t r y t o q u a n t i z e x w i t h
t h e q u a n t i z e r we f i n d t h a t x E S . T h i s c o r r e s p o n d s t o a n o r i g i n a l l y u n i f o r m l y d i s t r i b u t e d i n p u t .
On t h e o t h e r hand, i f p ( x ) = l / m .
x E C1, t h e n g ( x ) c a n a l s o b e i d e n t i c a l t o PIX) f o r M f i n i t e ( c o r r e s p o n d i n g t o a i n p u t random v a r i a b l e w h i c h i s p i e c e w i s e u n i f o r m ) .
T h e s e i d e a s i m p l y t h a t a near optimum q u a n t i z e r f o r p ( x ) c a n be designed by f i n d i n g a n o p t i m u m q u a n t i z e r f o r an i n p u t v e c t o r w i t h p r o b a b i l i t y d e n s i t y g ( x ) .
As t h e a p p r o x i m a t i o n t o p ( x ) b y g ( x )
becomes more a c c u r a t e t h e a s y m p t o t i c d i s t o r t i o n a p p r o a c h e s i t s minimum value. I n t h e n e x t s e c t i o n we examine the design of optimum q u a n t i z e r s f o r p i e c e w i s e c o n s t a n t d e n s i t i e s . On t h e o t h e r hand, c o n d i t i o n i n g X on b e i n g i n t h e i -t h p a r t i t i o n we c a n o b t a i n t h e c o r r e s p o n d i n g d i s t o r t i o n b y n o t i n g t h a t i n C i , g i ( x ) = g(X)XeCi) = l / m i , a n d g i ( x ) = 0 i f
COMPRESSORS FOR PIECEWISE CONSTANT DENSITIES Assuming t h a t g ( x ) i s known, t h e d e s i g n o f t h e o p t i m u m q u a n t i z e r c o n s i s t s i n f i n d i n g t h e number o f q u a n t i z a t i o n l e v e l s t h a t c o r r e s p o n d t o each o f t h e M p a r t i t i o n s . T h i s i s a c c o m p l i
Using ( 3 ) a g a i n y i e l d s k+r/k I n t h e above, Ni i s t h e number o f l e v e l s i n Ci , and we n o t e t h a t
T h e t o t a l d i s t o r t i o n DT c a n b e w r i t t e n a s t h e e x p e c t e d v a l u e o f t h e Dits Di's i n (7) and thus R e c a l l t h a t D i n (6) i s t h e minimum q u a n t i z a t i o n d i s t o r t i o n . Thus, by s e t t i n g DT = D we c a n s o l v e f o r t h e optimum assignment of the numbers of q u a n t i z a t i o n l e v e l s . Equations (11) and (12) 
can be used t o g e t an e s t i m a t e o n t h e r e q u i r e d number o f p a r t i t i o n s M i n o r d e r f o r t h e p e r f o r m a n c e o f
Qg be s i m i l a r t o 21 . I 3 2
DO. Due t o t h e f a c t t h a t n e i t h e r m i = m i n o r p i = p i i n g e n e r a l , s u b s t i t u t i n g (11) i n ( 9 ) we f i n d t h a t
where V = mM = is dx. S u b s t i t u t i n g ( 1 2 ) i n ( 9 ) we o b t a i n 1 -r / k r / k + r ) k+r/k
( 1 mi 0 -Ti=l Equation (10) suggests then a method f o r d e s i g n i n g n e a r -o p t i m u m q u a n t i z e r s g i v e n p ( x ) : f i r s t , p a r t i t i o n t h e s u p p o r t S i n t o M regions; then q u a n t i z e e a c h r e g i o n u s i n g a u n i f o r m q u a n t i z e r w i t h t h e number o f q u a n t i z a t i o n l e v e l s s p e c i f i e d by (10).
Each p a r t i t i o n C i i s mapped by a s i m p l e t r a n s l a t i o n i n t o t h e i n p u t s p a c e o f t h e N -l e v e l o p t i m u m q u a n t i z e r a n d t h e s i z e o f e a c h p a r t i t i o n i s s c a l e d a p p r o p r i a t e l y so t h a t t h e p a r t i t i o n i s u n i f o r m l y q u a n t i z e d w i t h N i l e v e l s .
A f t e r q u a n t i z a t i o n , t h e i n v e r s e m a p p i n g i s u s e d t o o b t a i n t h e o u t p u t f o r t h e n e a r o p t i m u m q u a n t i z e r .
To t h i s p o i n t we have not discussed a method o f p a r t i t i o n i n g t h e i n p u t space. Given t h a t we want t o p a r t i t i o n t h e s u p p o r t S i n t o M r e g i o n s , t h e r e a r e t w o i m p o r t a n t p o i n t s t o b e considered.
The f i r s t p o i n t i n v o l v e s t h e optimum q u a n t i z a t i o n o f e a c h p a r t i t i o n . As stated above, each p a r t i t i o n i s q u a n t i z e d w i t h an optimum u n i f o r m k -d i m e n s i o n a l q u a n t i z e r ( i . e . t h e h e x a g o n a l q u a n t i z e r ) , However t h e s e q u a n t i z e r s a r e o p t i m a l o n l y f o r a l a r g e number o f q u a n t i z a t i o n l e v e l s . F o r example, a p a r t i t i o n h a v i n g o n l y t w o l e v e l s may n o t b e o p t i m a l l y q u a n t i z e d .
T h e r e f o r e , t h e number or' q u a n t i z a t i o n l e v e l s N m u s t b e l a r g e r e l a t i v e t o M so t h a t a t l e a s t t h e m a j o r i t y o f t h e p a r t i t i o n s a r e o p t i m a l l y q u a n t i z e d .
Second, we o b s e r v e t h a t t h e r e a r e an i n f i n i t e number o f ways i n w h i c h t o p a r t i t i o n S i n t o M r e g i o n s . T h u s , t h e p e r f o r m a n c e o f t h e p i e c e w i s e compander i s a f u n c t i o n o f t h e number o f p a r t i t i o n s and t h e shapes o f t h o s e p a r t i t i o n s , I d e a l l y we want t o c h o o s e t h e p a r t i t i o n i n g m e t h o d t h a t r e s u l t s i n t h e minimum d i s t o r t i o n f o r t h e near-optimum quantizer.
However, t h e p a r t i -t i o n s h a p e s a l s o d e t e r m i n e t h e d i f f i c u l t y i n implementing the piecewise compander, Therefore, t h e r e e x i s t s a t r a d e o f f b e t w e e n t h e e a s e o f implementation and the performance o f t h e n e a roptimum quantizer. When N i s l a r g e we can p a r t i t i o n t h e i n p u t space i n t o a l a r g e number o f r e g i o n s .
I n t h i s s i t u a t i o n t h e shapes o f t h e i n d i v i d u a l p a r t i t i o n s h a v e
o n l y a s m a l l e f f e c t o n t h e q u a n t i z e r performance. Thus we c a n p a r t i t i o n t h e i n p u t space i n t o h y p e r c u b e s t o s i m p l i f y t h e implementation.
By quantizing each component o f t h e i n p u t v e c t o r w i t h a 1-dimensional quantizer, t h e h y p e r c u b e t h a t c o n t a i n s t h e i n p u t v e c t o r i s e a s i l y d e t e r m i n e d .
When N i s s m a l l t h e number o f p a r t i t i o n s must a l s o b e s m a l l , F o r t h i s c a s e an e f f i c i e n t p a r t i t i o n i n g o f t h e i n p u t s p a c e may be necessary t o o b t a i n n e a r -o p t i m a l p e r f o r m a n c e , The piecewise compander i s t h e n i m p l e m e n t e d u s i n g a s e a r c h t o l o c a t e t h e p a r t i t i o n s c o r r e s p o n d i n g t o e a c h i n p u t v e c t o r .
A t t h i s p o i n t we want t o r e c a l l t h a t t h e p i e c e w i s e l i n e a r compander w i 11 be used w i t h t h e t r u e i n p u t d e n s i t y p ( x ) .
One way t o d e t e r m i n e how good the optimum quantizer and the piecewise l i n e a r c o m p r e s s o r u s e d w i t h t h e t r u e d e n s i t y match, i s by c o m p a r i n g f o r e a c h r e g i o n Ci B t h e d i s t o r t i o n s r e s u l t i n g f r o m t h e o p t i m u m q u a n t i z e r a n d f r o m t h e p i e c e w i s e l i n e a r one, when t h e i n p u t i s t h e random v e c t o r w i t h d e n s i t y p ( x ) .
F o l l o w i n g G e r s h o ' s development [2] i t can Qe shown t h a t t h e o p t i m u m q u a n t i z e r a l l o c a t e s Ni o u t p u t l e v e l s t o t h e i -th region, where 
EXAMPLE I n t h i s s e c t i o n
we present an example o f t h e d e s i g n a n d t h e p e r f o r m a n c e a n a l y s i s o f a 2-dimensional piecewise linear compressor, W e c o n s i d e r x t o be b i v a r i a t e G a u s s i a n , w i t h c o v a r i a n c e e q u a l t o t h e i d e n t i t y m a t r i x a n d mean z e r o . S i n c e t h e -input support must be contained i n t h e s u p p o r t o f t h e p i e c e w i s e l i n e a r c o m p r e s s o r , and f o r a f i n i t e number o f r e g i o n s t h e l a t t e r .is f i n i t e , we t r u n c a t e t h e i n p u t t o t h e c i r c l e w i t h r a d i u s 3 0
The s u p p o r t o f t h e p i e c e w i s e l i n e a r compressor was chosen t o be a r e g u l a r h e x a g o n w i t h s i d e l e n g t h e q u a l t o 6. The r e g i o n s m i were s e l e c t e d t o be t r a p e z o i d s w i t h b a s e p a r a l l e l t o t h e b a s e o f e a c h c o m p o n e n t e q u i v a l e n t t r i a n g l e . Table I . Piecewise linear compressor performance I t i s n o t e w o r t h y t h a t e v e n w i t h a smal 1 number o f
